Moving from the mirror theory Bethe-Yang equations proposed by Arutyunov and Frolov, we derive the thermodynamic Bethe Ansatz equations which should control the spectrum of the planar AdS 5 /CFT 4 correspondence. The associated set of universal functional relations (Y-system) satisfied by the exponentials of the TBA pseudoenergies is deduced, confirming the structure inferred by Gromov, Kazakov and Vieira.
A bird's-eye view between integrability and AdS/CFT
'wrapping problem' [12, 13] . Nevertheless, as scattering S-matrix equati! ons [14] , they are indeed correct and they can be interpreted as Bethe-Yang quantisation conditions [15] [16] .
In quantum integrable 2D relativistic massive field theories the problem of deriving off-shell quantities from on-shell information has been already addressed in many cases. For the purpose of this paper it is relevant the derivation by Al. B. Zamolodchikov of the finite-size ground state energy from the S-matrix [26] . Let us define the theory on a torus space-time geometry. The space direction is finite with circumference L, time is periodic with period R → ∞. Zamolodchikov's fascinating idea is to exchange space and time by defining a mirror theory in the infinite space R. In this mirror theory the space interval is infinite and the asymptotic Bethe-Yang equations hold true, but time is compact with size L. Now, we may interpret L = 1/T as the inverse temperature and use the Yang-Yang thermodynamic Bethe Ansatz (TBA) procedure [23] to find the minimum free energy or equivalently the ground state energy for the ! (original) direct theory on a space circumference with size L. In the following, we will extend this procedure to the non-relativistic case relevant for the AdS/CFT correspondence.
We have been convinced that this strategy may be successful also in a complicated nonrelativistic theory such as the AdS/CFT correspondence by the recent striking confirmation due to a sort of ancestor of the TBA for relativistic quantum field theory. In fact, Lüscher developed a method to compute, from scattering data, the finite-size corrections to the mass gap [17] . Later on, this method was specifically applied to integrable quantum field theories [18] and revealed itself as the leading term in the TBA large size expansion [29, 30] . Recently, a sophisticated extension of these ideas to the AdS/CFT correspondence has given striking results for the Konishi operator at four loops [19] and an impressive confirmation of the perturbative computations of [20] .
In this article, we will start from the equations recently formulated by Arutyunov and Frolov in [21] for the mirror theory of the AdS 5 × S 5 superstring theory. These equations are derived by implementing the classification of all the particles and bound states in the Bethe-Yang equations derived in [22] . The classification is obtained with the formulation of the so-called string hypothesis of the Hubbard model (cf. [24] ): the map of the direct theory equations [15] into those of Hubbard's was already observed by Beisert [16] . Initially, we will modify the equations -in analogy with those of the Hubbard model [24] -, so that we can take into account the information on the so-called k − Λ strings. In this way, we produce a complete set of string equations for implementing the thermodynamic Bethe Ansatz method and derive a set of TBA equations for the single particle dressed energies (the pseudoenergies). As a conclusion, the pseudoenergies determine the (free) energy via a non-linear integral functional. We shall make explicit the similarity between our TBA equations and those for the Hubbard model and then derive a universal system of functional relations (the Y-system) for the exponential of the pseudoenergies. The universality of a Y-system consists in the fact that, at least for relativistic theories, it is the same for the excited states as well. Yet, there is by now a consolidated way towards excited states in relativistic massive field theories [29, 30, 31] . A very brief description of this procedure for the present case will be sketched in the final section, with the aim to gain a better control of the energy/dimension spectrum of the AdS 5 /CFT 4 correspondence for any value of the coupling constant g and even for short operators. Apparently, the Y-system st! ructure matches that recently proposed by Gromov, Kazakov and Vieira [37] .
The equations for the root densities
As anticipated before, we need to pass from the AdS 5 × S 5 theory defined on a circumference of length L to its mirror and this has been extensively investigated by Arutyunov and Frolov since the paper [22] . In particular, they derive from the S-matrix the Bethe-Yang equations for the fundamental particles of the mirror theory. Then, more recently [21] , they extend these equations also to Q-particle bound states of the AdS 5 × S 5 mirror theory in the form
is the a = 0 light-cone gauge scalar factor of the mirror Smatrix, with σ(x k , x l ) the dressing factor in the mirror theory [22] . Thanks to a so-far formal resemblance of the last two BA Equations (BAEs) with those of a inhomogeneous Hubbard model, they can formulate a string hypothesis for the solutions, in strict analogy with the Takahashi' s one [24] . In few words, we assume that the thermodynamically relevant solutions 1 of (2.1) in the limit of large R, K I , K II (α) , K III (α) rearrange themselves into complexes -the so-called strings -with real centers and all the other complex roots symmetrically distributed around these centers along the imaginary direction. Paying attention to the presence of two coupled Hubbard models for α = 1, 2, the strings may be classified as follows: 1) N Q Q-particles with real momentap Q k and real rapidities u
M |v vw-strings with real centers v M k , 2M roots of type v and M of type w:
N |w w-strings with real centers w N k and N roots of type w:
If the variables u k , v k and w k in (2.1) are replaced by u
and w N,j k , and the products on the internal string index j are made, then the equations for the real centers of the various kinds of string (2.3) can be recast into the following form [21] 
where, for shortness' sake, all the x-variables have to be read as 11) and the definitions of the variables x ± , v, v ± K and w K |± are reported in Appendix A. The S-matrices are defined as follows:
where
2 and the fusion procedure [45, 46] . Now, a simple crucial observation enters the stage: the last term in the r.h.s. of (2.9) fails the resemblance with the usual Hubbard BAEs implemented by string hypothesis [24, 25] . In fact, we need one more step: we can easily see that the equation for the vw strings -corresponding to the Hubbard k − Λ strings -do not have in the r.h.s. a term of interaction between the w and vw strings; on the contrary there is a scattering term between a vw string and a single v (α) (which do not belong to any string, but its own). Therefore, we may derive an intermediate equation 14) and choose w (α) k belonging to a vw-string. With this little trick 2 , we obtain
and finally we can rewrite (2.9) in a form re-echoing the Hubbard one
In (2.16) we have introduced a new scattering matrix
At this point, we can follow the standard TBA procedure [23, 24, 25, 26] , which goes in a very sketchy way as follows. After taking the logarithm of these equations, we shall consider the thermodynamic limit (
w , R → ∞) while keeping the densities finite (sums of root and hole densities, respectively)
where the Is and the Js are the integer and half-integer quantum numbers. Eventually, we can produce for the thermodynamic state the following integral equations constraining the densities 25) where the symbol * denotes the usual convolution (on the second variable) (φ * g)(z) = dz ′ φ(z, z ′ ) g(z ′ ) and the kernels are defined in Appendix A 3 .
The thermodynamic Bethe Ansatz equations
We continue our very sketchy presentation of the derivation of the TBA equations. For this purpose, we express the entropy in terms of the hole and root densities 4 (ρ h and ρ r , respectively)
and then minimise the free energy per unit length
whereH is the mirror energy per unit length [22] :
As stated before, then we ought to take as temperature T of the mirror theory the inverse of the size L in the AdS/CFT: T = 1/L. The extremum condition δf = 0 under the constraints (2.22)-(2.25) entails the final set of thermodynamic Bethe Ansatz equations for the pseudoenergies ǫ A such that
4)
4 Hereafter the integration measure dp has to be interpreted as Stieltjes measure dp du du, asp depends on (the parameters) Q and g as well.
with the short indication of the collective index A for the different density labels. The ground state thermodynamic Bethe Ansatz equations are
with α = 1, 2 , Q = 1, 2, . . . and K = 1, 2, . . . . Notice that, apart from the specific form of the kernels (see Appendix A for their definitions), the TBA equations are similar in form to the density equations (2.22-2.25), provided we exchange ρ → −L. However, we should stress that on our way from (2.22-2.25) to (3.5-3.8) we have made an abuse of notation and changed definition for the convolution * moving on to the first variable
When the kernel φ(z, z ′ ) depends only on the difference |z −z ′ |, as for example in the relativistic theories discussed in [26, 28] , this change in the definition of * can be avoided by keeping the convolution on the second variable. However, in the present framework some of the kernels have a genuinely different functional dependence on the two independent variables and this simplification is absent. Moreover, an important comment is here on the integration limits: they are from −∞ to ∞ for the λ-andp-variables but from −π to π for the q-variables. As a concluding result, the minimal free energy for the mirror theory results by inserting the TBA equations into the general (3.2) and is given by the following non-linear functional of the pseudoenergies ǫ Q (u)
Consequently, the ground state energy for the AdS/CFT theory on a circumference with length L = 1/T ought to satisfy the relation
As we have kept the total densities finite, it is natural to introduce chemical potentials µ A . This has been already finalised in relativistic theories by [28] . The TBA equations (3.5-3.8) do not change their form, but for this simple replacement 12) involving the fugacities λ A = e µ A /T . Here, we would like to conjecture that their introduction should be related to the zero energy of the ground state (independently of the value of T ) which is a half BPS protected state. It is a consequence of a result by [33] , further developed in [32] and in [34] that in particular N = 2 supersymmetric theories this size invariant state can be selected via a suitable tuning of the TBA fugacities. A plot describing this interesting transition, as the fugacities approach these critical values can be found in [35] . In our case we expect zero energy as soon as the fugacities reach these values
Physically, this modification corresponds to the calculation of the Witten index. In (3.13), the fermionic and bosonic character of the pseudoparticles is chosen following an analogy with other scattering-matrix models and considering the evident Z 2 -symmetry of the TBA equations. There are -of course-other possibilities. The vanishing of ground state energy in TBA models is a very delicate issue and we prefer to postpone this discussion to the near future and in presence of analytic or numerical evidences.
A comparison with the Hubbard TBA equations
As the reader can see in Appendix A, some kernels in (3.5)-(3.8) actually depends on the difference of rapidities. Therefore, the convolutions involving these kernels is a standard 'difference' convolution, i.e. (f * g)(z) = dz ′ f (z − z ′ ) g(z ′ ). In other words, we may rewrite the equations (3.6)-(3.8) in a form that is closer to the TBA equations of the Hubbard model, as we might expect from the analogy at the level of Bethe Ansatz equations. Of course, we must leave untouched the terms really depending on the two different variables and think of them as driving or forcing terms connecting the two Hubbard models. For this reason, we move them on the l.h.s. of the equations and write
14)
Equations (3.14-3.20) should be compared with equations (5.43) and (5.54-5.56) in [25] evaluated atū ≡ u Ref. [25] = 1/2g. In the following sections we shall derive a set of functional identities (Y-system) satisfied by the quantities Y A = e ǫ A (or = e −ǫ A ). Very importantly, a Y-system is universal in the sense that it is the same for all the energy states E n (L), at least in a relativistic theory [29, 30] . Fugacities as those defined in (3.13) may be removed by a simple redefinition of the Y s. Therefore these are discharged in the next sections.
Y-system for the Hubbard model
The TBA equations for the Hubbard model in universal form are written, for example, in [25] 5 . This section is not meant to be particularly original and its aim is to explain how a subset of the Y-system equations proposed in [37] and in this paper emerges from the Hubbard model. The TBA equations are:
is the convolution kernel. s(λ) fulfills the following important property
Relation (4.4) leads to the following set of functional relations
with n = 2, 3, . . . . For n = 1 we have instead
But for fixed 0 < λ < 1 the argument of the Dirac δ function vanishes two times, i.e. at k = arcsin(λ) and k = π − arcsin(λ). This gives
Finally considering that cos(k) = − 1 − sin 2 (k) for π/2 < k < π we get
. 
To see the relationship with the Y-system represented in figure 1 of [37] , set z i = 1/η ′ i : 13) and
with (a, b = 1, 2, 3, . . . ) and construct a TBA diagram using the following rules [38] :
• starting from a given node (a, b) the l.h.s of the Y-system is always
• an horizontal link between the node (a, b) and (a ′ , b) corresponds to a factor (1 + Y a ′ b (λ)) on the r.h.s. ;
• a vertical link between (a, b) and (a, b ′ ) corresponds to a factor (1 + 1/Y ab ′ (λ)) −1 on the r.h.s. .
It is easy to check that the diagram represented in figure 1 is reproduced with the exception of the functional relation (4.11) for Y 22 (λ(k)) = ζ(k) which would close a 'standard' Y-system diagram only if this extra constraint were true
This equation certainly holds at T = ∞ and would be compatible with some of the evident symmetries of the TBA equations but still it would imply a chain of extra constraints (on the other TBA functions) that we did not try to prove. In fact, we should stress that we have included the node Y 11 , which is related to Y 22 by (4.14) and (4.10). Therefore, there is no need to show an extra equation for Y 22 (λ(k)) = ζ(k) 6 , once we already have ln Y 11 (λ(k)) = − ln ζ(π −k) in the TBA system. Let us start from equation (3.8) and observe that the S KM (u) defined in (2.13) are a particular n → ∞ limit of the Z n -related scattering matrix elements proposed in [39] . They satisfy the following set of functional relations [27, 40] 
Notice that φ KM ww (λ) is equal to −A KM (λ) defined in equation (3.18) . Another relevant identity is
Using equations (5.2), (5.3) and setting
with q = arcsin(λ), we find
Let us now consider equation (3.7). The identity (8.8) with K = 2, 3, . . . , together with equations (5.2) and (5.3) lead to
withp =p(2λ) defined in (7.10) and Y α v,K = e ǫ α v,K . The case with K = 1 is slightly more tricky, but the game is just the same. One starts considering the expression
with q = arcsin(λ). The corresponding r.h.s. of the TBA equations cancel almost completely due to the functional relations fulfilled by the kernel functions, they just leave some 'contact' delta function contributions. In this case the result is
Further, consider the quantity
where q ± = arcsin(λ ± i/2g), the kernel properties and the TBA equation (3.8) at K = 1 give 10) withp =p(2λ). Finally, using the property 11) and similar relations for φ 12) with Q = 2, 3, . . . and 13) with q = arcsin(λ), u = 2λ and Y Q = e ǫ Q . Setting 14) and following the rules given at the end of section 4 we may encode this Y-system in the diagram in figure 2 . In other words, the equations (5.5-5.13) with the identifications (5.14) can be recast in the compact form 15) as long as (a, b) = (2, ±2). Our Y -diagram shares its structure with that in figure 1 of [37] . Yet, we shall remark the exact parallel to what we have noticed at the end of section 4 about the Hubbard model: to close completely the diagram by using the 'standard' rules, we would need two extra equations
The careful reader may have noticed that we did not prove these equations, since for the nodes (2, ±2) we already have the identification 17) and thus, at any rate, we do not need to include the associated equations in the TBA system. A careful analysis suggests that equation (5.16) is in general incorrect.
Partial conclusions and remarks
In a nutshell, we have proposed the TBA equations which should control the energy/dimension spectrum of the AdS 5 × S 5 correspondence. We have also derived from them the universal Ysystem which should characterise any state of the theory for any value of the coupling constant g. Of course, since universal, this system contains the information about a specific state in a much more involved way.
Nevertheless, we may still lean on the theory of massive integrable field theories. In this area a clear procedure has been established to extract excited state non-linear integral equations from that of the ground state: this is initially described from three different perspectives in the papers [29, 30, 31] . Essentially, it proves the recipe to extract suitable driving terms i ln S(u i , u) as residues of the convolution integrals, and these terms clearly involve the scattering matrix elements. Under the perspective of the non-linear integral equation, this idea has been already applied to some sectors of the asymptotic Beisert-Staudacher equations [41, 42, 43] . Re-echoing the title of [44] , the Hubbard model excursion seems to be still on in this discipline. In fact, we have found just two copies of this model, talking through their massive nodes. Moreover, this is also the structure of the Y -system recently proposed by Gromov, Kazakov and Viera (somehow on symmetry grounds) [37] .
Despite the lack of a BA or integrability description of sufficiently short operators, we may consider all these arguments in favour of a TBA description of the correspondence.
12)
13)
It is easy to notice that some of these kernels depends only on the difference of the rapidities, as in the relativistic case. They are The bound state charges q Q r are defined as usual [45, 46] and the shifted charges we use above are 
